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SUMMARY:  

The upcrossing rate method is one of the most popular approaches to estimating the extreme mean wind speed based 

on the mean wind speed time history. Considering the mean wind speed time history as the discrete random process, 

the upcrossing rate, which takes the unit time equal to the sampling time interval, can be expressed in terms of the 

joint probability distribution of this random process and this random process with a lag equal to the sampling time 

interval. In this study, the mean wind speed is modelled by the Weibull distribution, and the Gaussian Copula is 

introduced to obtain the model of the joint probability distribution of Weibull variables. The upcrossing rate of the 

mean wind speed at a specific level can then be estimated. The proposed method is compared with the simulated 

data and the analytical formula of the upcrossing rate of the discrete standard Rayleigh process. The comparing 

results suggest the proposed method has a high accuracy for estimating the upcrossing rate. 
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1. INTRODUCTION 

The estimation of the extreme mean wind speed has a pivotal role in the structural wind-

resistance design. Estimating the extreme mean wind speed from short-term mean wind speed 

records, such as about a few years of records, is necessary when yearly maximum mean wind 

speed samples are insufficient. The upcrossing rate method is one of the most popular 

approaches to estimating the extreme mean wind speed from mean wind speed time history. 

Considering the mean wind speed process as a discrete random process, the upcrossing rate can 

be developed from the joint probability distribution function (PDF) of this process and this 

process with a lag equal to the sampling time interval. Based on this definition, the analytical 

formula of the upcrossing rate of the discrete standard Rayleigh process was established from the 

joint PDF of standard Rayleigh variables; and the joint PDF is obtained by decomposing the 

standard Rayleigh variable into two orthogonal standard Gaussian variables (Harris, 2017).  

 

Given the traditionally Weibull-modelled mean wind speed (Harris and Cook, 2014), this study 

introduces the Gaussian Copula (Nelsen, 2006) to obtain the model of the joint PDF of Weibull 

variables and then estimates the upcrossing rate from this joint PDF. The upcrossing rate 

estimated by the proposed method is compared with the analytical formula (Harris, 2017) and the 

simulated data for investigation and validation. 



 

 

2. UPCROSSING RATE OF MEAN WIND SPEED MODELLED BY WEIBULL 

DISTRIBUTION 

For a random process 𝑋(𝑡), the upcrossing rate of it at a specific level 𝑥 can be defined as the 

expectation of the occurrence number of the event that 𝑋(𝑡) crosses up 𝑥 in the unit time. 

Consider 𝑋(𝑡) is discrete with the sampling time interval of ∆𝜏, and the occurrence of this 

event in ∆𝜏 can be expressed as 𝑋(𝑡) ≤ 𝑥 and 𝑋(𝑡 + ∆𝜏) > 𝑥. Then, the upcrossing rate of 

𝑋(𝑡) at 𝑥 is equal to the occurrence number of this event divided by the total number of ∆𝜏, 

and that is just the cumulative probability of 𝑋(𝑡) ≤ 𝑥  and 𝑋(𝑡 + ∆𝜏) > 𝑥 . Thus, the 

upcrossing rate of 𝑋(𝑡) at 𝑥 with unit time of sampling interval of ∆𝜏, 𝜗(𝑥), can be expressed 

as 

 

𝜗(𝑥) = ∫ ∫ 𝑓𝑋1𝑋2
(𝑥1, 𝑥2)

+∞

𝑥
𝑑𝑥2𝑑𝑥1

𝑥

−∞
 (1) 

 

where 𝑋1 and 𝑋2 are the random variables corresponding to 𝑋(𝑡) and 𝑋(𝑡 + ∆𝜏), respectively; 

𝑓𝑋1𝑋2
(𝑥1, 𝑥2)  is the joint probability distribution function (PDF) of 𝑋1  and 𝑋2  with the 

correlation coefficient 𝜌𝑋1𝑋2
, and the 𝜌𝑋1𝑋2

 is equal to the normalized autocorrelation function 

with a lag of ∆𝜏, for process 𝑋(𝑡). 

 

Consider the mean wind speed process 𝑋(𝑡) has the Weibull distribution with the cumulative 

distribution function (CDF) of 𝐹𝑋(𝑥) = 1 − exp[−(𝑥 𝑐⁄ )𝑘]  and PDF of 𝑓𝑋(𝑥) = 𝑓𝑋(𝑥) =
𝑘𝑥𝑘−1 exp[−(𝑥 𝑐⁄ )𝑘] 𝑐𝑘⁄ , where 𝑐 and 𝑘 are respectively the scale and shape parameters. To 

get the joint PDF of Weibull variables, the Gaussian Copula is introduced to obtain the joint 

CDF of Weibull variables 𝑋1 and 𝑋2 with the correlation coefficient 𝜌𝑋1𝑋2
 as 

 
𝐹𝑋1,𝑋2

(𝑥1, 𝑥2) = Φ𝑍1,𝑍2
 (𝑧1, 𝑧2) (2) 

 

where Φ𝑍1,𝑍2
 (𝑧1, 𝑧2, )  is the joint CDF of standard Gaussian variables 𝑍1  and 𝑍2  with 

correlation coefficient 𝜌𝑍1𝑍2
; 𝑧1 = Φ𝑍1

−1[𝐹𝑋1
(𝑥1)], 𝑧2 = Φ𝑍2

−1[𝐹𝑋2
(𝑥2)], and Φ𝑍𝑖

−1[∙] (𝑖 =

1,2) is the inverse of the CDF of the standard Gaussian variable. The coefficient 𝜌𝑍1𝑍2
 can be 

obtained by the relationship between 𝜌𝑋1𝑋2
 and itself as (Liu and Kiureghian, 1986) 

 

𝜌𝑋1𝑋2
= ∫ ∫ (𝑥1 − 𝜇1)(𝑥2 − 𝜇2) (𝜎1𝜎2)⁄ ∙ 𝜑𝑍1,𝑍2

(𝑧1, 𝑧2, 𝜌𝑍1𝑍2
)𝑑𝑧1𝑑𝑧2

+∞

−∞

+∞

−∞
 (3) 

 

where 𝜑𝑍1,𝑍2
(𝑧1, 𝑧2) is the joint PDF of variables 𝑍1 and 𝑍2; 𝜇1 = 𝜇2 and 𝜎1 = 𝜎2 are the 

mean and stand deviation of the 𝑋(𝑡), respectively. The joint PDF 𝑓𝑋1𝑋2
(𝑥1, 𝑥2) in Eq.(1) is the 

derivative function of 𝐹𝑋1,𝑋2
(𝑥1, 𝑥2) and can be obtained from Eq.(2) as 

 

𝑓𝑋1𝑋2
(𝑥1, 𝑥2) = ∂2𝐹𝑋1,𝑋2

(𝑥1, 𝑥2) (∂𝑥1 ∂𝑥2)⁄ = 𝑓𝑋1
(𝑥1)𝑓𝑋2

(𝑥2) 𝜑𝑍1,𝑍2
(𝑧1, 𝑧2) [𝜑𝑍1

(𝑧1)𝜑𝑍2
(𝑧2)]⁄  (4) 

 

where 𝜑𝑍𝑖
 is the PDF of the standard Gaussian variable. 

 

 



3. COMPARISON AND VALIDATION  

The analytical formula of the upcrossing rate of the discrete standard Rayleigh process, which 

depends on the normalized autocorrelation function of the process, was derived from Eq.(1) 

(Harris, 2017). The upcrossing rate of the Weibull process, which depends on the normalized 

autocorrelation function and model parameters of the distribution of the process, was also 

developed based on the translation process method (This paper is under review). These two 

methods are compared with the method proposed in this study. 

 

3.1. Comparison with Analytical Formula 

The upcrossing rates estimated by the proposed method and the analytical formula are compared 

in this section. The scale and shape parameters of the Weibull distribution are set as √2 and 2 to 

reduce the Weibull distribution into the standard Rayleigh distribution, for the comparison. There 

is an obvious difference between results of the proposed method and the analytical formula at a 

low level and at a high level with small correlation coefficient 𝜌𝑅1,𝑅2
, as shown in Fig.1. 

 

 
 

Figure 1. The comparison of upcrossing rates of the analytical formula and the proposed method for the standard 

Rayleigh process with different correlation coefficients 𝜌𝑅1𝑅2
 

 

The uncorrelated white noise following the standard Rayleigh distribution is simulated to 

validate the effectiveness of the proposed method as shown in Fig.2. The proposed method 

performs well at both low level and high level. It should be noted that the difference between the 

upcrossing rates of the proposed method and the analytical formula will decrease with the 

correlation coefficient 𝜌𝑅1,𝑅2
. 

 

 
 

Figure 2. The comparison of the upcrossing rates of the simulated white noise following the standard Rayleigh 

distribution, the analytical formula and the proposed method 

 



3.2. Validation by Simulated Mean Wind Speeds with Weibull Distribution 

A total of 20000 years of 10-min mean wind speed timeseries is numerically generated by the 

spectral representation method (SRM) (Shinozuka and Deodatis, 1991; Liu et al., 2020) from 

wind speed spectrum (Van der Hoven, 1957) and the target Weibull distribution with scale 

parameter 𝑐 = 2.35 and the shape parameter 𝑘 = 1.50, to validate the effectiveness of the 

proposed method. The proposed method performs well as shown in Fig.3. 

 

 
 

Figure 3. The comparison of the upcrossing rates of the simulated mean wind speeds following the Weibull 

distribution, translation process method and proposed method 

 

4. CONCLUSIONS 

This study proposes a novel method for estimating the upcrossing rate of the mean wind speed 

process following the Weibull distribution, and this method is also applicable for a discrete 

random process with other distributions. There is a difference between this method's estimates 

and the analytical expression of the upcrossing rate of the discrete standard Rayleigh process. 

The simulated data suggests the proposed method has a high accuracy for estimating the 

upcrossing rate. 
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